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Stochastic dynamics of granular hopper flows: A configurational mode controls the stability of clogs
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Granular flows in small-outlet hoppers exhibit several characteristic but poorly understood behaviors: tempo-
rary clogs (pauses) where flow stops before later spontaneously restarting, permanent clogs that last indefinitely,
and non-Gaussian, nonmonotonic flow-rate statistics. These aspects have been studied independently, but a
model of hopper flow that explains all three has not been formulated. Here, we introduce a phenomenological
model that provides a unifying dynamical mechanism for all three behaviors: coupling between the flow rate
and a hidden mode that controls the stability of clogs. In the theory, flow rate evolves according to Langevin
dynamics with multiplicative noise and an absorbing state at zero flow, conditional on the hidden mode. The
model fully reproduces the statistics of pause and clog events of a large (>40 000 flows) experimental dataset,
including nonexponentially distributed clogging times and non-Gaussian flow rate distribution, and explains the
stretched-exponential growth of the average clogging time with outlet size. Further, we identify the physical
nature of the hidden mode in microscopic configurational features, including size and smoothness of the static
arch structure formed during pauses and clogs. Our work provides a unifying framework for several poorly
understood clogging phenomena, and suggests numerous new paths toward further understanding of this complex

system.
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Clogging in granular hopper flows is an extreme event,
where the formation of a stable arch by a small number
of grains near the outlet entirely stops the motion of the
bulk material [1-4]. Similar phenomena appear across scales
in systems moving through narrow bottlenecks, from sus-
pensions [5-9] and collections of cells [9-11] to human
and animal crowds [4,12,13]. The dependence of flows and
clogging on grain properties [3,14—19] and hopper geometry
[3,18-24] have been extensively studied. Classical models
[19,21,25,26] accurately predict many mean behaviors, such
as average flow rate as a function of outlet size, but many sta-
tistical aspects remain a mystery and clogs cannot be reliably
predicted.

As hopper outlet size is decreased, clogs form more
quickly and several unexplained features emerge. First, flow
rate fluctuations grow (compared to the mean) and become
markedly non-Gaussian [27-29]. Second, temporary clogs
(pauses) emerge, during which a metastable arch forms and
flow is temporarily suspended before spontaneously restart-
ing. This behavior has primarily been studied in granular
systems perturbed by external vibrations [4,23,30-33] or fluid
dynamics [8,34], but fully spontaneous unclogging is also
possible [27,28,35]. A single unifying model coupling flow
dynamics and intermittent pausing has not yet been proposed.

In this Letter, we introduce a minimal phenomenological
model that captures the stochastic dynamics of the flow rate,
temporary pauses, and permanent clogs characteristic of gran-
ular flow through a small outlet. We find that just two state
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variables—flow rate and a binary configurational mode—are
sufficient to accurately predict the statistics of the flow rate,
clogging time, mass ejected, and number of pauses, all of
which are confirmed using an experimental dataset of approx-
imately 42000 flows over five outlet sizes. The flow rate is
modeled using Langevin dynamics with multiplicative noise
and an absorbing state at zero flow representing pauses and
clogs. Our stochastic modeling reveals that the flow rate is
coupled to a hidden mode that controls the stability of clogs,
resulting in intermittent pauses in the flow, non-Gaussian
flow-rate distributions, and nonexponential clogging times.
This mode represents configurational features and its dy-
namics perform independent Bernoulli trials, consistent with
previous depictions of flow as randomly sampling positional
microstates [21]. Our results indicate that tracking a single
order-parameter, corresponding to the configurational mode,
enables advanced prediction of the long-term stability of an
incipient clog.

The experimental data in this study were collected using
an automated recirculating hopper. The apparatus, dataset,
and procedures are fully described in Ref. [36]. Briefly, the
hopper shown in Fig. 1(a) is a vertical quasi-2D plexiglass cell
containing an ensemble of tri-disperse anti-static polyethe-
lyne disks with diameters, dg = 6.0 mm, dy; = 7.4 mm, d;, =
8.6 mm, and equal heights. The disks form a single layer and
flow through an opening until they spontaneously clog. Grain
positions are recorded by a camera at 130 fps and tracked
using custom MATLAB software. Mass ejected over time
M(t) is calculated as the total mass of particles that passes
a semi-circular boundary spanning and centered on the outlet.
This permits ignorance of particles in the center of the outlet,
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FIG. 1. (a) Image of the experimental system and snapshots of
reconstructed data. The mass boundary line is shown in orange.
A large particle is highlighted in blue in the reconstruction, which
shows three snapshots each separated by 3 frames (At = 3/130 =~
23ms). When a grain straddles the mass boundary line, only a frac-
tion of its mass is counted as ejected. (b) An experimental flow-rate
trajectory, normalized by large grain mass, with a single pause. The
histogram shows the distribution of flow rates across all flows with
outlet size D = 3.86d,. (c) A trajectory and flow-rate distribution
from simulations of the Langevin model, Egs. (1) & (2). The back-
ground color indicates the hidden variable state, y = 0 (white) and

y =1 (gray).

which are difficult to track. Flow rate W(z) is calculated at
each frame by taking the slope of a second-order polynomial
fit to a five frame window.

Flows are initiated via mechanical vibration using a
speaker pressed against the rear wall of the hopper, near
the outlet [bottom left, Fig. 1(a)]. The flow is recorded and
tracked, and is considered complete when no grains fall
through the outlet for five consecutive seconds. Ejected grains
are directed into a chute to one side, and recirculated into the
top of the hopper by a continuous air stream directed upwards.
This chute is placed sufficiently far away and shielded so
that recirculation air currents do not effect the flow through
the outlet. Vents placed along the edges of the hopper allow
the injected air to escape. The hose connection from the
recirculation motor is, however, a constant source of small
vibrations in the hopper, which increases the likelihood of
unclogging; 38% of flows have at least one pause. This low-
level vibration is far smaller than the vibration used to restart
the flow. Using this automation scheme, the experiment can
continuously run without human intervention. Over 35,000
flows with outlet width D = 3.86d; were recorded, along with
at least one thousand experiments each for four additional
outlet sizes. About 21% of flows pause exactly once before
clogging permanently; Fig. 1(b) shows a typical trajectory in
this category.

Our goal is to identify a minimal set of macroscopic
state variables that determine the collective flow dynamics of
the granular material. This approach is similar to modeling
gasses with pressure and temperature or identifying a reac-
tion coordinate for chemical reactions [37]. Previous work
has shown that granular materials have fluctuations driven by
multiplicative noise [38—41]. In the context of hopper flows,
multiplicative noise is also essential for modeling clogs, i.e.,
an absorbing state of the dynamics. Following established
studies on systems with absorbing states [42,43], we model
the flow-rate fluctuations using Langevin dynamics with
multiplicative noise.

Dynamics for the flow rate alone are not enough to explain
pausing and intermittency. Without additional degrees of free-
dom there are only permanent clogs: it is extremely unlikely
that the system will spend a long duration near the absorbing
state but eventually escape. Thus, modeling the flow-rate dy-
namics reveals the existence of a hidden mode that is coupled
to the flow rate but not directly measured by observing a
flow-rate trajectory. This hidden variable is a coarse-grained
representation of additional grain degrees of freedom beyond
the flow rate itself. As we demonstrate later, the hidden mode
represents configurational degrees of freedom that determine
clog stability: whether a hopper with no flow remains clogged
permanently or will restart spontaneously.

The instantaneous flow rate normalized by the weight of a
large particle, x = W/m,, evolves according to

X = f(x) + v2(g(x) 4 €y) n(0), ey

where f(x) is a deterministic force, g(x) is the flow-rate-
dependent noise amplitude, y is the hidden mode state (which
increases the noise by €), and n(z) is Gaussian white noise
[44]. We require f(0) = g(0) = 0, so that x = y = 0 is an ab-
sorbing state. We use force f(x) = —x*(x — xo)W(x)/(0x3),
with zeros at the clog x = 0 and steady flow rate xo [45].
Here 7ty is the correlation time at x = xy and W(x) is a
positive-definite function containing additional nonlinearities
[46]. Expanding to linear order, g(x) = A - x/xp, where A is
the noise amplitude.

For simplicity, we assume the hidden variable y is binary
y =0, 1 with flow-rate-dependent switching rates yy(x) and

71(x),

Yo(x)
y:0=—1. 2)
y1(x)
With our two state variables, x = y = 0 is the only absorbing
state of the dynamics, i.e., the clog state. On the other hand,
x ~ 0,y =1 represents a pause, during which the system is
susceptible to noise, X ~ v/2¢n(z) that eventually perturbs the
system back into steady flow. Since spontaneous unclogging
is possible even without external vibrations [27,28,35], the
additive noise € has contributions intrinsic to the system and
from external vibrations.

The hidden variable switching dynamics must satisfy
10(0) = 0 to preserve the absorbing clog state. Expanding to
linear order in x and assuming no transitions occur when x <
0 [47], we have yp(x) = (ro - x/x0)H (x) and y1(x) = (r10 +
ry - x/xp)H (x), where H(x) is the Heaviside step function
and xp is the steady flow rate. We assume r; o = 0, but our
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FIG. 2. Predicting flow trajectory statistics. (a) A four-state representation of our granular flow model. Two flow states Fy and F; (with
hidden mode values y = 0, 1 respectively) dictate whether the next flow-rate fluctuation towards zero will result in a pause P or clog C. The
boxes show example flow-rate trajectories from each of these coarse-grained states. (b) Distribution of pause count N before a clog. The solid
curve shows the predicted geometric distribution with (N) = 0.682. (c) Distribution of time to clog for trajectories with N pauses. Solid lines
are the model prediction [46, Eq. (S4) of the Supplemental Material]. (d) Distribution of time to clog across all trajectories. Lines show an
exponential fit (dashed) and the predicted distribution (solid) Eq. (4), with 7, = 2.856 s, _ = 0.580 s, and ¢ = 0.301. (e) Distribution of
total ejected mass normalized by large grain mass M/m, . Data follow an exponential distribution with predicted mean (N + 1)mr = 116.7m,.
Model parameters p, tr, Tp and my are fit in (b) and [46]; the predictions in (c)—(e) require no fitting. All data are from the D = 3.86d, dataset.

results are robust if rf(l) is longer than the average pause du-
ration. Simulated trajectories and flow-rate distributions from
the stochastic model closely resemble the experimental flows
[Fig. 1(c)].

To demonstrate the model’s ability to quantitatively pre-
dict clogging and pausing statistics, we group its internal
states by two criteria: flowing versus not flowing, and the
value of the hidden mode, y = 0 versus y = 1. The result
is an analytically solvable four-state representation of our
model [Fig. 2(a)] with two indistinguishable flow states Fp
and F; (x > 0 and y = 0 and 1, respectively), a pause state
P (x=0,y=1), and a clog state C (x =y = 0). Transi-
tions between the four states are assumed to be Poissonian.
Using this representation, we require only four easily mea-
surable parameters to entirely determine the dynamics: the
probability of clogging p, the average mass ejected during

a flow (prior to either a pause or clog) mp, and timescales
7 and 1p, the average flow and pause duration, respec-
tively. In our experiments, flow and pause duration are
exponentially distributed, at least for short times, with means
7w =0.77s and 7p = 1.26s. Flow mass is also exponen-
tial, with mean my/m; = 69.4, where my is the large grain
mass [46].

During steady flow, the system switches between flow
states that lead to clogs (Fp) and those that lead to pauses
(Fy) based on the dynamics of the hidden variable y. If, as
we assume, the switching of y is fast compared to the flow
duration 75, the likelihood of a clogis setby p = r/(ro + r1).
As a result, the number of pauses N before a permanent clog
are geometrically distributed,

p(N) = (1 —p)p,

(N) = —. 3)
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This prediction fits our experimental data well [Fig. 2(b)],
with the single parameter p = 0.595, so that (N) = 0.682.

Using the measured clog probability p and timescales tr
and 7p from experiment, our model accurately predicts—
with no additional fitting parameters—a variety of nontrivial
statistics of hopper flows. First, it captures the probability
distribution of time-to-clog for a flow with exactly N pauses,
pr,- This quantity is the sum of N pause and N 4 1 flow
timescales, which are each exponentially distributed. We de-
rive the (lengthy) analytical form of py, in the Supplemental
Material [46]. The predicted distribution is in excellent agree-
ment with the data for N = 0, 1, 2, 3 [Fig. 2(c)].

Second, we obtain clogging-time distribution py for the
entire ensemble of measured flows by averaging pr, (¢) over
the geometric distribution of pauses, Eq. (3). The result is a
double exponential distribution,

pr) = Sein LD @)

T4 [

with the derivation and analytic forms of ¢, r;, and 7_ all
as functions of (p, tp, Tr), included in the Supplementary
Material [46]. Again without fitting, the prediction Eq. (4)
nicely captures the data, noticeably better than a single ex-
ponential [Fig. 2(d)]. We find that 77 increases with outlet
size D, while tp is approximately constant [46]. As a result,
at large outlet sizes the first exponential (7;) dominates [46],
recovering the established exponentially distributed clogging
time [3,17,22,48].

Third, the model predicts an exponential distribution of
ejected masses prior to a clog pys regardless of outlet regime,
consistent with our experiments [Fig. 2(e)] and as well-
established in the literature [3,17,21,48,49]. The total mass
ejected in a trajectory with N pauses is simply the sum of
N + 1 flow masses mp, as no mass is ejected during a pause.
Averaging over the geometric number of pauses produces an
exponential distribution with predicted mean (M) = mp (N +
1) = 116.7my, [Fig. 2(e)], within 2% of the empirical average
mass ejected [46].

We now return to the full Langevin dynamics, Egs. (1)
and (2), for deeper insight into statistics of the flow rate.
The flow-rate distribution P, (x, t) for the hidden variable state
y =0, 1 satisfy a coupled Fokker-Planck equation (using the
It6 interpretation for multiplicative noise),

P IUR) | PP

ot dx dx?
where g,(x) = g(x) + eyand R(y —> 1 —y) = xio(rl,yPl,y —
ryPy)H (x) describes probability flow between P, and P
from dynamics of the hidden variable. The measured flow-
rate distributions are approximated by the slowest decaying
mode of the Fokker-Planck operator Lpp. We compute this
eigenfunction numerically and fit to experiments by tun-
ing the noise Art, steady flow rate xy, and two additional
parameters [46].

Figure 3(a) shows the resulting fits to flow-rate distribu-
tions for various outlet sizes. Our model explains key features
of these small outlet flow rate distributions. Intuitively, smaller
outlet sizes promotes slower flows (smaller steady flow rate
Xo). While noise also shrinks with outlet size, approximately
proportionally to xp, relative fluctuations A = Aty /x(z) grow.

+ROy—=>1-y). O

(a) 00 Data
1028
. \
+~
‘B
=
j«8]
A D/dy,
1073 223.60 3.74 3.86

F 3.98 22415
5
— L (b
= 65t®)
—
‘2 5.5F
% 16 2
S as O
[a W . <] 12 Fit
G>.> 10
= 3.4 3.8 4.2
E 3.5F ‘ ‘ ‘ D/dy, ‘
m 0 50 100 150 200

Flow Rate, W/my, (1/s)

FIG. 3. (a) Measured (symbols) and fit (lines) flow-rate distri-
butions for various outlet sizes. (b) The corresponding effective
potentials ®(x) and (inset) D-dependence of A= Aro/xg from
fit parameters x, and Arty, which scales quadratically Al x
0.89(D/d. ).

At small outlets, these larger fluctuations and proximity of
Xp to the clog state x = O create the non-Gaussian shape in
Fig. 3(a), while the peak near zero comes from coupling to
the hidden mode. Conversely, for large outlets, our model
predicts the experimentally observed Gaussian distribution
[27-29,46].

We calculate the corresponding effective potentials for
the flow-rate dynamics, ®(x) = — f[f(x) — g (x)]/gx)dx
[Fig. 3(b)]. The nonmonotonic shapes of ® illustrate that clog-
ging (and pausing) is a barrier crossing phenomena [37,50]
with barrier height o A™!; grains flow at a steady rate (the
local minimum of @) before a large fluctuation pushes the
flow rate over the barrier leading to formation of a clog (or
pause).

Using first-passage-time analysis, we predict the scaling
of the clogging time for large outlets [46,51]: (T') ~ tr/p ~
Top~'Cexp(cA™"). Remarkably, this form is compatible with
the previously measured stretched-exponential growth of the
clogging time [21,22,28,48], (T') o exp(cD*), where « is the
dimension of the hopper (@ = 2 here). The implied scaling
A o D72 is compatible with our fits [Fig. 3(b), inset]; testing
this scaling over a broader range of outlets will be an inter-
esting direction for future work. This result provides further
theoretical support for the lack of a critical clogging transition
with outlet size [21,28]. Moreover, it provides a physical in-
terpretation for the effective noise reduction with increasing
outlet size. The multiplicative noise term arises due to the dis-
crete nature of the few grains whose configurations determine
the flow rate A o« D72 ~ N(;lfle[, which is suppressed as this
ensemble grows.

Finally, we investigate the microscopic origin of the hidden
mode. While we do not have direct access to y, since it is
a coarse-grained representation of degrees of freedom beyond
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FIG. 4. Configurational features of the hidden mode. (a) Representative pause and clog arches with definitions of the height A, width w,
and angles 6. (b) Difference (clog minus pause) in average positional arch densities. (c) Minimum arch angle and angle standard deviation and
(d) arch width and height for pauses and clogs. Each plot shows population average (lines) and pauses binned based on pause duration (points).
For (c) the minimum and standard deviation are computed for each arch before averaging. Pauses arches are, on average, wider and taller, with

more variable curvature.

the flow rate, positional snapshots of the grains reveal physical
features that characterize the hidden mode. The state of y
is uniquely determined in the experiment during moments
with no flow (x = 0) by the long term outcome: whether a
clog is temporary (y = 1) or permanent (y = 0). For each
zero-flow event, we isolate the arch grains [Fig. 4(a)]. The
positional difference between pauses and clogs is immediately
apparent from these data. First, by simply averaging recon-
structions of the arch grains, we find a clear size difference,
with pause arches significantly larger on average than clog
arches [Fig. 4(b)]. We compute various statistics [19,52-54]:
arch width, height, and the variance and minimum of inter-
grain angles (details in [46]), finding further clear contrast
[Figs. 4(c) and 4(d)]. For these four measures, pauses and
clogs differ substantially on average. Further, these results
are consistent regardless of pause length [53], in a striking
confirmation of our model’s binary mode separating pauses
and clogs. That is, longer and longer pauses do not become
statistically equivalent to clogs, they remain distinct. Overall,
pause arches are wider, taller, and have a more variable and
irregular shape compared to permanent clogs, which have
been shown in other hopper systems to often be symmet-
ric [55]. These statistics identify key configurational features
that determine the state of the hidden mode in the stochastic
model. Our analysis of the model, thus, demonstrates how
these miscrosopic features couple to the macroscopic flow dy-
namics and noise to determine flow-rate fluctuations, clogging
statistics, and intermittency.

In this Letter, we have established a minimal Langevin
model for the dynamics of granular hopper flows. We find that

flow-rate fluctuations driven by multiplicative noise and cou-
pled to a configurational mode that determines clog stability
explain the statistics of flowing, clogging, and intermittency.
A more precise determination of the configurational mode
dynamics will be an interesting direction for future work. For
example, does increasing D change the switching rates ry, r
by modifying the population of microstates corresponding to
clogs and pauses? Is stability always determined at the onset
of a clog, or do some pauses become permanent over long
timescales via frictional aging and memory effects [56,57]?
While it appears configurational features are useful in de-
termining the long-term stability of a clog, these measures
only weakly correlate with pause duration [Figs. 4(c)—4(d)].
On this front, previous models of arch breaking and defects
[32,58,59] could be incorporated into our model.

It will also be exciting to study the implications of the con-
figurational mode for clog prediction. While the Markovian
nature of the dynamics means the current flow rate provides
little information for clog prediction, monitoring the config-
urational mode (e.g., using the measures identified in Fig. 4)
can provide advance notice of whether an incipient clog will
be temporary or permanent [46]. Perhaps these insights can be
incorporated into machine learning algorithms [36] to distin-
guish the pause- and clog-causing configurations from steady
flow.

Our model raises new questions about which key properties
influence dynamics of hopper flows. Here, we have only var-
ied the hopper outlet size, but the dependence of clogging on
many other parameters, including hopper geometry [3,18-24],
grain properties [3,14—19], and external vibrations [23,58,59]
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has been explored; does our model capture these behaviors?
Of particular interest is the recent result that increasing vi-
brations pushes granular flows through a critical transition,
beyond which permanent clogging is impossible [23]. Our
model should naturally extend to this case, through vibrational
dependence in the additive noise and other parameters. Un-
derstanding the dynamics underlying this transition will shed
further light on the fundamental requirements for clogging.
Beyond granular materials, our phenomenological modeling
approach can be tested across a wider range of clogging sys-
tems: do clogging dynamics always admit a low-dimensional
description?
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